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Let M, be the number of solutions of the equation 
Xl8 + x,a + ... + x,s E 0 
in the finite field GF(p). For a prime p = l(mod 3), 
&fJa = e-e?-. 
1 -px 
+ XYP - 1x2 + dx) 
s=1 1 -3pxe-pdx3 ’ 
and 
M, = pz + d(p - l), 
M, = pe + 6(p9 - p). 
Here d is uniquely determined by 
4p = d= + 27be and d E l(mod 3). 
This paper determines the number of solutions of the equation 
Xl3 + xzs + a-. + x,a = 0 
in the finite field GE;(p). Let M, denote the number of such solutions. For a 
prime p 3 2 (mod 3), the result is not difficult and AI, = p8-l; however, for 
a prime p = 1 (mod 3) 
M3 = p2 + 4p - 1) and Mt = p3 + 6(p2 -P>. 
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Here d is the unique number such that 
4p = d= f 27b2 and d = 1 (mod 3). 
The consideration of this problem arose as a result of remarks made by C. 
Hooley during his stay at the Institute for Advanced Study, Fall 1976. 
We also show that the sequence of the M, satisfies a linear recurrence and 
that 
M,x” = e-f?- 
I -px 
+ X”(P - 1)(2 + a 
S=l 1 - 3px2 - p dx3 * 
The following lemma is used in the proofs of Theorems 1, 2, and 4. 
LEMMA. Let p be a prime and let a be any integer. Then 
P-l 
Lx1 eM2 aiam)/p) = p - 1, if PIa, 
= -1, if pTa. 
Proof. Case 1. If p 1 a, then each of the p - 1 terms in the sum is 1. 
Case 2. If p f a then consider the sum as a geometric progression 
P-1 8-I 
1 + C exp((2rrianl)lp) = C exp((2riam)/p) 
m=1 77X=0 
= expK2+apYp) - 1 = o 
exp((2rria)/p) - 1 
since the numerator is 0 and the denominator is not. 
THEOREM 1. Ifp is a prime with p = 1 (mod 3), then M4 isp3 + 6p2 - 6p. 
Proof. Let p = exp((2?ria)/p) where a is a primitive pth root of unity 
with 1 <a <p - 1. Let 
D-l 
s, = 2 p”? 
X=0 
Then 
8-l P-l D-l s-1 
NJ4 = C C C C exp(2nia(x13 + x23 + -r33 + x2)/p), 
zl=o r*=O z3=o z4=o 
and so 
6411914-8 
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Using the lemma, 
8-l 
c (so)4 = cp - 1) M‘, - (p4 - Ma) = PM, - P4. 
a=1 
By a classical result of Gauss, the S, , for a = I, a = g, and CI = g* where g is 
a generator of the multiplication group GF(p), are roots of 
.z3 - 3pz - pd = 0, (*> 
where d is the unique number such that 
4p = d* + 27b2 and d z 1 (mod 3). 
Let W, , W, , and W, be the roots of (*). Then 
so that 
z1 NJ4 = ((P - IY3)(W14 + w24 + w3% 
PM* - P4 = ((P - 1)/3) W14 + w,4 + w39. 
When each of the roots WI , W, , and W, is substituted for Z in (*), the 
resulting three equations can be added to obtain 
WI4 + w,4 + w,” = 3p(W,” + W,” + w,y. 
Now 
WI" + w,z + w,* = (WI + w, + w3j2 - 2(W,W* + WlW3 + WY,) 
= O2 - 2(-3p) 
= 6p. 
Thus W,” + Wz4 + Ws4 = l&9, so that M4 = p3 + 6(p2 - p). 
THEOREM 2. Zf p is a prime with p = I (mod 3), then MS is pa + dp - d 
where d is the unique number such that 4p = d2 + 27ba and d = 1 (mod 3). 
Proof. Using methods similar to those used in the preceeding proof, it 
follows that 
P-1 
and 
zl (%j3 = PM, - p3 
P-l 
a;l w3 = HP - 0/3)(W13 -i- w,” + W,“). 
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To obtain W,” + WS3 + WS3 successively set Z equal to W, , W, , and W, 
in (*) and add the three equations: WI3 + W,” + WS3 - 3 pd = 0. 
THEOREM 3. cfl M,X* is a rational jiinctiorl of x. 
Proof. Multiply Eq. (*) by Zs-3 (s > 3) to obtain 
zs _ 3pZ+2 - pdz”-” = 0. 
Adding the three equations resulting from replacing Z by WI , W, , and W, 
it follows that 
( W,” + W,” + W,“) - 3p( w;-” + w;-” + wi-3 
Now 
- pd( W,“-” + W;-” + w,-~) = 0. (**I 
and 
1 NJ” = KP - 1)/3)(W,” + w*s + w39 
a=1 
9-I 
Thus 
a;l (0 = M,P - P”. 
or 
Ms = P-l + 0 - 01314 (w,” + w,$ + w39 
Wld + W,* + W38 = ((M, -p”-l)](p - 1)) 3p. 
Substituting the above relation and the two others obtained for s - 2 
and s -3 in f* *) we obtain a linear recurrence for M, . Namely, (MS -pSB1) - 
3p(M,-, - P~-~) - pd( MS-3 -pa-3 = 0. So the numbers U, = M, - p8-l 
satisfy the linear recurrence U, - ~PU,-~ - pdu,-, = 0. Form (xi-, umx”) 
(1 - 3 px2 -p dx3) which equals ulx + u2x2 + (a3 - 3 pu&? because the 
remaining terms equal 0 by the recurrence. It is not difficult to see that 
Ml = 1 and M, = 3p - 2 while Theorem 2 shows that M3 = p2 + d(p - I), 
so that 
and 
u1 = Ml --pQ = 0, 
u,=M,-p=2p-22, 
Thus 
u3 = M3 - p2 = (p - 1)d. 
x2(p - 1)(2 + dx) 
s-1 
usxs = 1 _ jpx2 _ p dx3 ’ 
506 CHOWLA, COWLES, AND COWLES 
Since ~~=1p3-1x” = x\(l - px), it follows that 
f  &f,p = x 
+ x2(p - 1)(2 + dxj 
S=l 1 -px 1 - 3pxz - p dx3 ’ 
Let f(x) be a polynomial with integer coefficients and let p be a prime. 
THEOREM 4. If N, is the number of solutions of 
f(xd + fb2) + ... + fh (= 0 (mod PI, 
then xr=, NsXs is a rational function of x. 
Proof. Write T, = CzZi exp((2+(x)u)/p) and 
D-1 9-l B-l 
(W = jC, zIEo - IO evW%.&) + ... + ~(G))/P). 
1 ? 
Now consider H, = CzIi (T,)“. By the lemma 
o-1 P-1 P-l 
If, = c -.a 1 c extQ~ia(f(x,) + -.* i-f(xJ)/p) 
X,=0 x,=0 a=1 
= (p - 1) N, - (p” - Ns) = pN, - p”. 
Now the various T,(l ,( a < p - 1) are zeroes of a polynomial of degree 
p - 1 which has integer coefficients too since the T, are conjugates of T, 
in the cyclotonic field Q(p). Let the equation satisfied by the T, be 
xp-1 + cx,-2x”-2 + ..+ + a0 - - 0. c***j 
Substitute the T, successively into (**c) and add to obtain 
H,-l + c+H9-2 + ... + (p - l)ol, = 0 
and proceed with the proof using the methods of the proofs of Theorems l-3. 
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